As an emerging building solution, cross-laminated timber (CLT) floors have been increasingly used in mass timber construction. The current vibration design of CLT floors is conservative due to the assumption of simple support conditions in the floor-to-wall connections. It is noted that end fixity occurs as a result of clamping action at the ends, arising from the gravity load applied by the structure above the floor and by the mechanical fasteners. In this paper, the semi-rigid floor-to-wall connections are treated as elastically restrained edges against rotations to account for the effect of partial constraint. A rotational end-fixity factor was first defined to reflect the relative bending stiffness between CLT floors and elastic restraints at the edges. Then, for the design of vibration serviceability of CLT floors as per the Canadian Standard for Engineering Design in Wood (CSA O86), restraint coefficients were defined and their analytical expressions were derived for natural frequencies and the mid-span deflection under a concentrated load, respectively. In particular, a simplified formula of the restraint coefficient for the fundamental frequency was developed to assist engineers in practical design. At last, by comparing with reported experimental data, the proposed design formula showed excellent agreement with test results. In the end, the proposed end fixity factor with their corresponding restraint coefficients is recommended as an effective mechanics-based approach to account for the effect of end support conditions of CLT floors.
Introduction
Since introduced in the 1990s, cross-laminated timber (CLT) has been gaining popularity in mid to high-rise residential buildings and non-residential construction in Europe and North America [1] . When deployed for prefabricated wall and floor panels, CLT offers many advantages and has become a viable alternative to steel and concrete. However, due to its relatively large stiffness-to-mass ratios and low inherent damping, the design of CLT floors can be governed by vibration serviceability [2] . Design parameters of a 1 kN static deflection and the fundamental natural frequency have been proven to provide excellent predictions of CLT floor vibration performance [1] . Thus, an accurate calculation of such parameters is critical in assessing CLT floor performance.
To-date, most CLT buildings are platform construction, in which each successive storey is built from the floor below it. Due to the gravity loads from higher storeys when walls are rested directly on the floors, and due to floor-to-wall fixtures, a degree of restraint is expected in CLT floor-to-wall connections [3] . It is well established in the literature that such restraints at in-situ conditions of CLT floors have a significant influence on their dynamic properties, as confirmed by previous investigations and reported in [4] . In particular, in-situ tests performed by Zimmer and Augustin [5] have shown tendencies toward increased frequencies due to partial clamping of the CLT panels at the supports by the load of superimposed storeys above and floor-to-wall fixtures. In this regard, the lower the storey of a given floor in the building is, the higher the load on the supports by walls and the load from storeys above will be, which results in higher stiffness of the floor and, therefore, natural frequencies and lower deflections. However, existing design methods [1, [6] [7] [8] often assume simple support conditions for calculating natural frequency and deflection. Such an assumption cannot describe the floor boundary conditions in reality, which results in overly conservative design decisions. Parametric studies conducted by Schultz and Johnson [9] have shown that the rotational restraints at the ends of the floor panels could likely reduce the thickness of floor panels by up to 35% when vibrations govern the design. Furthermore, numerical analyses performed in [3] have indicated that the maximum displacement can be reduced up to 79% by increasing the support rigidity and the fundamental frequency increased by 23% and 99% for semi-rigid and fully clamped support conditions, respectively. However, previous studies have been limited to experimental and numerical approaches, with no reliable analytical treatment. Consequently, no practical design formulae are available for considering the restraints of end supports.
Therefore, in the present study, analytical methods are developed to account for the effect of partial constraint by treating the semi-rigid floor-to-wall connections as elastically restrained edges against rotation. A new end-fixity factor is first introduced to reflect the rotational stiffness of end support relative to the bending stiffness of the CLT panel. Then, the analytical expressions for natural frequencies and deflection under a concentrated load were derived, and the corresponding restraint coefficients were defined. A simplified formula of the restraint coefficient for the fundamental frequency was developed to assist engineers in achieving practical design. Finally, the proposed design formula is validated by comparing with test results. Excellent agreements have been observed.
End-fixity factors
Traditionally, the rotational stiffness, R, is commonly defined to account for the effects of rotational restraints at the end of a beam. Although these constants are straightforward in analyses, they actually have little practical use in determining the flexibility at the ends, because they are not related to the flexural rigidity of a structure. It is difficult to answer the question "How large a rotational stiffness can represent zero flexibility (i.e., fully clamped ends) and how small a stiffness for infinite flexibility (i.e., simply supported ends)? [10] " On the other hand, a highly nonlinear relationship between the rotational stiffness and structural performance and properties is unfavorable in design practice. For instance, if the rotational stiffness at the ends is low, small increases in the restraint stiffness result in appreciable increases in the frequencies and decreases in the deflection of the beam. However, if the rotational stiffness at the ends is high, very significant changes in restraint stiffness may produce only very small changes in the frequencies and deflection. Such non-linear features cannot be improved by non-dimensional ratios of the restraint stiffness at the end to the beam flexural rigidity (i.e., R/EI) [11] . A similar issue was reported in the design of semi-rigid beam-column members in the steel-framed structures [12, 13] .
In this matter, a "fixity factor" was developed for semi-rigid beam-column members to characterise the relative stiffness between the member and the rotational spring of the end-connection, which was first proposed in [14] as
in which R is the end-connection spring stiffness, EI is the flexural rigidity of the beam and L is the span as shown in Fig. 1 . The physical meaning of the fixity factor, r, can be interpreted as the ratio of the end rotation α under a unit end moment divided by the rotation θ of the beam plus the connection spring, for the same unit end moment. From the illustration of Fig. 1 , this factor can be derived as
The factor can vary from 0 to 1. The simply-supported or fully clamped condition will be the limiting case with the value of 0 or 1, respectively. This range of values from 0 to 1 provides engineers an intuitive manner for the extent of fixity available in a connection [12] . Moreover, this factor is insensitive to R, and a simple linear model will produce satisfactory results for design practice [13] . Therefore, the fixity factor in Eq. (1) is introduced to the floor-to-wall connections in CLT buildings in the present study. 
Analytical methods

Rotational restraint coefficients
In order to consider the influence of rotational restraints, design coefficients can be developed for calculating the fundamental frequency and deflection of restrained beams through multiplying corresponding values of simply supported beams. In this manner, the fundamental natural frequency of a rotationally restrained beam can be expressed as
where C f is the rotational restraint coefficient for the fundamental frequency, L, EI, ρ and A are the span, flexural rigidity, density of beam, and cross sectional area, respectively. It should be noted that the part of
EI ρA on the right-hand side of Eq. (3) is the fundamental frequency of a simply-supported beam. Similarly, the mid-span deflection, d, of a rotational restrained beam under a point load is given by
in which C d is the rotational restraint coefficient for deflection. Subsequently, the analytical expressions of proposed restraint coefficients, C f and C d , are derived in the following sections.
Fundamental frequency of rotationally restrained beams
w (x, t) A rotationally restrained beam with rotational stiffness R 1 and R 2 at the two ends is shown in Fig. 2 . The rotational restraints are assumed to be proportional to the end rotations and the restraint stiffness, R 1 and R 2 , may have any value in the range between simply supported (i.e., zero) and completely restrained (i.e., infinity). The corresponding rotational end-fixity factors can be determined by
For beam with complex boundary conditions as shown in Fig. 2 , the finite Fourier Sine transform [15] can be applied to obtain exact series solutions of free vibration. Upon assuming harmonic motion for the free vibration analysis, the displacement w(x, t) can be expressed as
where ω is the natural circular frequency and ψ(x) is the modal displacement function. Then, the governing equation can be expressed by [16] 
The boundary conditions of the beam can be expressed as
To solve Eq. (7), the pair of the finite sine transform for ψ(x) is defined as
The complete solving procedure can be found in [17] . At last, the characteristic function was produced as
where
The matrix form of Eq. (11) 
The frequency parameter λ can be obtained by solving the eigenvalue problem of Eq. (13) . After that, by using the first value of λ and rearranging Eq. (12), the fundamental natural frequency of the rotationally restrained beam can be expressed as
in which λ 1 is the first value of λ. As a result, the restraint coefficient of the fundamental frequency will be determined by
Although the foregoing procedure for determining C f is straightforward and simple, it is also desirable to develop a simplified formula describing the relationship between the rotational fixity factors and their corresponding coefficient of C f for engineering practice. For simplicity, restraints at the two ends are assumed to be equal. Then, the coefficient C f for different rotational fixity factors ranging from 0 to 1 was obtained by solving the eigenvalue problems of Eq. (13) with truncating the infinite series solutions at M = 1000. In attempting to derive simplified formulas, the polynomial curve fitting technique was adopted and the coefficients can be conveniently approximated by
The simplified formula of Eq. (17) generated the coefficient of determination R 2 = 0.9999, which indicates that the simplified formula have excellent agreements with numerical results. Furthermore, coefficient values obtained by Eq. (17) and corresponding numerical results are compared as shown in Fig. 3 . It can be observed that C f increase with an increase in the fixity factor from 1 (simply supported) to 2.26 (fully clamped). For a rotationally restrained beam under a concentrated load at the center as shown in Fig. 4 , the corresponding end moments can be expressed as [13] 
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By using the end moments of Eq. (18), the mid-span deflection can be given by In summary, the relationship between the restraint coefficient C d and the rotational fixity factor r is illustrated in Fig. 5 . It can be found that C d varies in a range from 0.25 to 1 and decreases with any increase in the end-fixity factor. Furthermore, Eq. (22) can be inversely applied to determine the end-fixity factor after measuring the mid-span deflections of the simply-supported beam and restrained beam. 
Validation studies
In this section, the proposed analytical approach was validated by using previous test results. At first, the restraint coefficient of C d was calculated by using the mid-span deflection of a restrained beam divided by that of the reference simply-supported beam. After that, the end-fixity factor was determined based on Eq. (22). Then, the restraint coefficient C f for the fundamental frequency was obtained by substituting the factor value into Eq. (17) . Consequently, the fundamental natural frequency for each CLT panel with different restraints was calculated and compared with test results.
Previous experimental study
Previous experimental study was conducted by Hernández and Chui [18] to investigate the vibration performance of a 1 meter wide 3-ply CLT panel (0.079 m depth) supported on two sides with the three different end supports as shown in Fig. 6 : (a) top load over two support edges (loaded support), (b) direct fastening to support using self-tapping screws (screwed support), and (c) ledger support. During the tests, the rotational stiffness of the different end supports was altered by increasing the magnitude of the applied load, number of the screws fastening the panel ends, and number of screws on the ledgers, respectively. Details of end-support configurations are shown in Table 1 
End-fixity factors
Since the mid-span deflection has been measured for the reference simply-supported CLT panels and those panels with different restrained end-supports, the end-fixity factors can be inversely 9 of 11 determined by using Eq. (4) and (22) for each specific end support. The fixity factors obtained by such inverse method are tabulated in Table 2 . Since the ledger support has been found with a minimal effect on the rotational stiffness, only loaded supports and screwed supports are investigated herein. 
Comparisons of the fundamental frequency
In this section, the test results of the fundamental frequency were used to validate the proposed analytical methods. At first, the rotational restraint coefficients C f were determined based on the fixity factors in Table 2 . Then, the fundamental frequency was predicted based on Eq. (3) and compared with the corresponding test results in [18] . Comparisons between test results and predictions of the fundamental natural frequency for different end supports are tabulated in Table 3 and 4. Excellent agreements can be found between the test results and predictions. For illustration purpose, the percentage difference for loaded support specimens are illustrated in Fig. 7 . 
Conclusions
In the present paper, an analytical treatment has been conducted for CLT panels with various end fixities by introducing the end-fixity factor. The analytical expressions for the fundamental natural frequency and the mid-span deflection under a concentrated load were derived and associated rotational restraint coefficients defined for the design of vibration serviceability of CLT floors. A simplified formula of the restraint coefficient for the fundamental frequency was developed by using curve-fitting to assist engineers in practical design. At last, the predicted results by using the proposed analytical methods are compared with test results of the fundamental frequency and excellent agreement is obtained. It can be concluded that the proposed end fixity factor and derived formulas for restraint coefficients can be recommended as an effective mechanics-based approach to account for the effect of end support conditions of CLT floors and optimize the design of the floors with acceptable vibration performance.
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